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We show that the observed quark/lepton mass hierarchy can be realized dynam-
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of a gauge singlet scalar, we find that there is a parameter set, where the positions
of the point interactions are stabilized and fixed, which can reproduce the experi-
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is less relevant. We also show that possible mixings among the charged leptons will
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1 Introduction
Even after the discovery of the Higgs boson, several issues associated with the Higgs
boson still remain to be solved in the Standard Model (SM). One is why the observed
quark/lepton mass hierarchy is so drastic. In the SM, quarks and leptons acquire their
masses through the Yukawa interactions where they pick up the vacuum expectation
value (VEV) of the Higgs field. Here, we should accept to imposeO(105)-order hierarchical
values on Yukawa couplings, which look very unnatural.
Another unnatural request from the SM is associated with the matter content of the
fermions. In both of the quark and the lepton sectors, there are three similar but different
copies of quarks and leptons, which possess exactly the same quantum numbers except
for their masses. The origin of such generation structure is beyond the scope of the SM,
and is still unveiled.
One fascinating way to address the common origin of the above two issues is to in-
troduce the objects so-called point interactions on an interval extra dimension in five
dimensions (5d) 1 . The point interactions provide extra boundary conditions for each of
5d quarks and 5d leptons, and can induce the degenerated chiral zero modes. This is
interpreted as spontaneous generation of the three matter generations in the SM when
we introduce two point interactions for each 5d fermion. Appealing properties in this
direction are that a 5d fermion leads to three chiral zero modes, and they are localized to
different segments each other, whose end points are identified by the two corresponding
point interactions. Due to these properties, a three-by-three mass matrix is realized as
mij (i, j = 1, 2, 3). The generation dependence of the four-dimensional (4d) mass matrix
mij is described through the following manner:
mij ∝
∫ L
0
dy 〈Φ(y)〉(g(0)ψiL(y))∗f (0)ψ′jR(y), (1.1)
where L represents the length of the interval,
∫ L
0
dy is an integration along the shown
range of the extra-dimensional coordinate, g(0)ψiL(y)
(
f
(0)
ψ′jR
(y)
)
describes mode functions
of i-th (j-th) generation left- (right-) handed chiral zero mode ψiL(x)
(
ψ′jR(x)
)
. 〈Φ(y)〉
represents the contribution from the classical configuration of the scalar which appears
in the 5d Yukawa term and its VEV shows the dependence on y. If not only g(0)ψiL(y)
and f (0)ψ′jR(y), but also 〈Φ(y)〉 are localized functions, sizable mass hierarchy can appear
through the overlap integrals in Eq. (1.1).
In this paper, based on the above mechanism and the previous researches [20–22], we
perform a numerical research to appraise whether the scenario can reproduce the observed
1Another way is to introduce the magnetic flux or the magnerized orbifold in the extra dimensions [1–
14]. There are also several ways to address the SM problems in the context of four-dimensional gauge
theories, by use of noncompact gauge symmetry [15–19].
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values of the quark/lepton hierarchical masses dynamically (see [23–26] for dynamical
generations of the mass hierarchy). The positions of the point interactions, which play
an important role to control the magnitude of the overlap integrals, seem to be free
parameters. Nonetheless, they are not free but are determined dynamically through the
vacuum configuration to minimize the Casimir energy (see [27, 28] and also [29–32] as
related works). This dynamical determination of the positions of the point interactions
reduces the number of the free parameters. Also, to accelerate hierarchical values in
the overlap integral in Eq. (1.1), we employ a new type of extra-dimensional coordinate-
dependent configuration in 〈Φ(y)〉, which is also obtained dynamically by solving the
equation of motion with the quartic interaction. It should be noted that in the prior
research [33], the VEV of the scalar 〈Φ(y)〉 is also obtained dynamically. However, the
different functional type of the VEV was adopted (see subsection 3.2 in detail). Performing
numerical searches brings us the conclusion that the hierarchical masses of the quarks are
fully reproduced, while the charged leptons do not work well. Introduction of flavor
mixings may improve our current results, especially for the charged leptons.
The paper is organized as follows. In section 2, we briefly review the extra-dimensional
model with point interactions on an interval. In section 3, we discuss the dynamics of the
Casimir energy, the potential minimization of the scalar Φ and their implication for the
mass hierarchy. In section 4, we investigate searches for sets of desirable input parameters
and show our results. Section 5 is devoted to conclusion and discussion.
2 The model with point interactions on an interval
2.1 Basic idea
In this subsection, we provide a brief review on the extra-dimensional model which sheds
light on spontaneous generation of the three generations of the fermion matter content,
the hierarchical structure of the observed quarks and charged leptons, and their mixing
structures in the SM, simultaneously. This kind of scenario was firstly proposed in [20] on
an interval to explore the quark sector, where objects so-called point interactions play a
significant role. The point interactions describe possible singularities in one-dimensional
quantum mechanics, by which profiles of particles along the extra spacial direction y are
represented. This statement is rephrased that we can add ‘extra (or generalized) bound-
ary conditions’ for all kinds of 5d fields in the bulk space, in addition to the boundary
points (see Appendix A of [33] for more details). Three chiral zero modes are generated
from a single 5d fermion by imposing the Dirichlet boundary conditions at the point in-
teractions [20]. A key point to realize mass hierarchy is that we can introduce a bulk
mass for each of such 5d fermions respectively, which makes the profiles of the three zero
2
modes localized towards the boundary points as shown in Fig. 1 and Fig. 2.
Figure 1: A schematic figure of the interval extra dimension with the point interactions.
The black dots at y = L1, L2 indicate the point interaction.
Figure 2: A schematic figure of the profiles of the three chiral zero modes. Each zero
mode localizes towards the different boundary points but in a similar way.
Here, if the scalar appearing in the Yukawa sector of such 5d fermions possesses an
extra-dimensional coordinate-dependent VEV, it is clear that sizable mass hierarchy is
generated on an interval. It is noted that this scenario has been also developed in the S1
geometry, where a complex phase for describing the CP-violating phase of the Cabbibo–
Kobayashi–Maskawa (CKM) matrix can emerge, originating from a twisted boundary
condition [21, 22].
In the scenario, an SU(3)C×SU(2)L×U(1)Y gauge theory is unfolded on an interval,
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the relevant part of the 5d action of which for our discussion reads,
S = Squark + Slepton + SHiggs + Ssinglet + SYukawa, (2.1)
Squark =
∫
d4x
∫ L
0
dy
[
Q
(
iΓMD
(Q)
M +MQ
)
Q+ U
(
iΓMD
(U)
M +MU
)
U +D
(
iΓMD
(D)
M +MD
)
D
]
,
(2.2)
Slepton =
∫
d4x
∫ L
0
dy
[
L
(
iΓMD
(L)
M +ML
)
L+ E
(
iΓMD
(E)
M +ME
)
E
]
, (2.3)
SHiggs =
∫
d4x
∫ L
0
dy
[
H†
(
DMDM +M
2
H
)
H − λH
2
(H†H)2
]
, (2.4)
Ssinglet =
∫
d4x
∫ L
0
dy
[
Φ†
(
∂M∂M −M2Φ
)
Φ− λΦ
2
(Φ†Φ)2
]
, (2.5)
SYukawa =
∫
d4x
∫ L
0
dy
[
Φ
(−YuQ(iσ2H∗)U − YdQHD − YeLHE)+ (h.c.)] , (2.6)
which consists of a 5d quark doublet field Q and a 5d lepton doublet field L; singlet fields
for an up-type quark U , a down-type quark D and a charged lepton E ; the Higgs doubletH
and a gauge singlet complex scalar Φ; the Pauli matrix σ2, where we skipped to show the
apparent gauge sector of the current scenario and we usually suppress the 5d coordinates as
variables of 5d fields. In this manuscript, we do not discuss the minuscule active neutrino
mass generation so that the (5d) neutrino singlet field is not introduced (see the discussions
on the S1 geometry without/with Majorana-like mass terms [21]/[34]). The capital latin
alphabets M,N, · · · represent the 5d Minkowski indices, where the 4d part is described
by the Greek characters µ, ν, · · · . The 5d coordinate xM is thus decomposed as {xµ, y}
where xµ denotes the 4d Minkowski coordinate and y denotes the extra-dimensional one.
Our convention for the 5d flat metric reads ηMN = diag(−1,+1,+1,+1,+1) and the
representation of the 5d Clifford algebra is chosen as {ΓM ,ΓN} = −2ηMN , where the
concrete forms of the 5d gamma matrices are adopted as Γµ = γµ and Γy = −iγ5 =
γ0γ1γ2γ3. VariousD(Ψ)M (Ψ = Q,U ,D, L, E) symbols represent the corresponding covariant
derivatives,MΨ (Ψ = Q,U ,D, L, E) are bulk masses for the 5d fermions,M2H (M2Φ) and λH
(λΦ) are squared mass scales and quartic couplings for the Higgs (the gauge-singlet scalar).
Yu,Yd and Ye are overall Yukawa couplings which do not hold indices to discriminate
matter generations since all the 5d fermions are assumed to be one-generation. The sign
in front of M2H is chosen to ignite the Higgs mechanism. Obedience to the conditions
λH > 0 and λΦ > 0 is compulsory to ensure the stability of the whole potential.2
Here we provide several comments.
• As we mentioned above, we introduce two point interactions for each of the 5d
2 In general, the mixing term (H†H)(Φ†Φ) can be written down. However, the existence of this term
leads to gauge universality violation [20]. Then we set the coefficient as zero by hand.
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fermions to realize three generations at the chiral zero mode sector, while not for
the scalars and the gauge bosons.
• We impose the discrete symmetry, H → −H and Φ → −Φ, which prohibits the
‘ordinary’ Yukawa terms like Q(iσ2H∗)U and ΦQQ and others likewise. We assume
that H has the ordinary constant VEV 〈H〉 to break the SM gauge group suitably,
and Φ acquires a y-dependent VEV 〈Φ〉 to generate hierarchical structure in the
Yukawa sector. Thus, the above ‘higher-dimensional’ Yukawa terms are suitable for
our purpose. The detail of the y-dependent gauge-singlet scalar VEV profile will be
provided in subsection 3.2.
• Under the current setup on an interval, no physical CP-violating phase can emerge
since only overall complexities can be realized by the Yukawa couplings Yu,Yd and
Ye and absorbed into field redefinitions. We conquer this obstacle by moving to the
S1 geometry easily [21, 22], while we do not discuss this point in this paper.
2.2 Appearance of three-generation mass matrices
As discussed in [20], introduction of two suitable Dirichlet boundary conditions by point
interactions for a 5d fermion Ψ in the bulk space, in addition to the two endpoints of
the interval, as ΨR ≡
(
1+γ5
2
)
Ψ = 0 or ΨL ≡
(
1−γ5
2
)
Ψ = 0 leads to the realization of
three localized left- or right-handed chiral zero modes via Ψ, respectively. Concretely,
the following conditions are imposed for the 5d fermions with an infinitesimal positive
constant ε:
QR = 0 at y = 0, L
(Q)
1 ± ε, L(Q)2 ± ε, L, (2.7)
UL = 0 at y = 0, L(U)1 ± ε, L(U)2 ± ε, L, (2.8)
DL = 0 at y = 0, L(D)1 ± ε, L(D)2 ± ε, L, (2.9)
LR = 0 at y = 0, L
(L)
1 ± ε, L(L)2 ± ε, L, (2.10)
EL = 0 at y = 0, L(E)1 ± ε, L(E)2 ± ε, L, (2.11)
where L(Ψ)1 and L
(Ψ)
2 mean the positions of the first and second point interactions (0 <
L
(Ψ)
1 < L
(Ψ)
2 < L) for the field Ψ (Ψ = Q,U ,D, L, E). Here we define the conventions
L
(Ψ)
0 ≡ 0 and L(Ψ)3 ≡ L for convenience soon later. The Kaluza–Klein (KK) expansions of
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the 5d fermions are represented as
Q(x, y) =
(
U(x, y)
D(x, y)
)
=
3∑
i=1
(
u
(0)
iL (x)
d
(0)
iL (x)
)
g(0)qiL(y) + (massive modes), (2.12)
U(x, y) =
3∑
i=1
u
(0)
iR (x)f
(0)
uiR
(y) + (massive modes), (2.13)
D(x, y) =
3∑
i=1
d
(0)
iR (x)f
(0)
diR
(y) + (massive modes), (2.14)
L(x, y) =
(
N(x, y)
E(x, y)
)
=
3∑
i=1
(
ν
(0)
iL (x)
e
(0)
iL (x)
)
g
(0)
liL
(y) + (massive modes), (2.15)
E(x, y) =
3∑
i=1
e
(0)
iR (x)f
(0)
eiR
(y) + (massive modes), (2.16)
with the generation indices i (= 1, 2, 3). The concrete forms of the zero-mode profiles are
easily derived as [20]
g(0)qiL(y) =
[
θ(y − L(Q)i−1) θ(L(Q)i − y)
] · N (Q)i e+MQ(y−L(Q)i−1), (2.17)
f (0)uiR(y) =
[
θ(y − L(U)i−1)θ(L(U)i − y)
] · N (U)i e−MU (y−L(U)i−1), (2.18)
f
(0)
diR
(y) =
[
θ(y − L(D)i−1) θ(L(D)i − y)
] · N (D)i e−MD(y−L(D)i−1), (2.19)
g
(0)
liL
(y) =
[
θ(y − L(L)i−1) θ(L(L)i − y)
] · N (L)i e+ML(y−L(L)i−1), (2.20)
f (0)eiR(y) =
[
θ(y − L(E)i−1) θ(L(E)i − y)
] · N (E)i e−ME(y−L(E)i−1), (i = 1, 2, 3) (2.21)
where θ(y) denotes the Heaviside step function and the individual kinetic normalization
constants are expressed
N (Q)i =
√
2MQ
e2MQ∆L
(Q)
i − 1
, N (U)i =
√
2MU
1− e−2MU∆L(U)i
, N (D)i =
√
2MD
1− e−2MD∆L(D)i
,
N (L)i =
√
2ML
e2ML∆L
(L)
i − 1
, N (E)i =
√
2ME
1− e−2ME∆L(E)i
, (i = 1, 2, 3) (2.22)
with the lengths of segments
∆L
(Ψ)
i ≡ L(Ψ)i − L(Ψ)i−1 (for i = 1, 2, 3; Ψ = Q,U ,D, L, E) . (2.23)
After the integration along the y direction, we obtain three-by-three mass matrices,
e.g., for the up-type quarks as
Sup-type quark mass = −
∫
d4x
3∑
i,j=1
u
(0)
iL M
(u)
ij u
(0)
jR + (h.c.). (2.24)
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It should be emphasized that the ordering of the positions of point interactions governs
the form of the mass matrices. For example, when the following ordering is realized,
0 < L
(U)
1 < L
(Q)
1 < L
(U)
2 < L
(Q)
2 < L, (2.25)
the corresponding concrete forms of the elements of the up-type quark mass matrix are
taken
M (u) =
M
(u)
11 M
(u)
12 0
0 M
(u)
22 M
(u)
23
0 0 M
(u)
33
 , (2.26)
with
M
(u)
11 =
Yuv√
2
∫ L(U)1
0
dy 〈Φ(y)〉g(0)q1L(y)f (0)u1R(y), (2.27)
M
(u)
22 =
Yuv√
2
∫ L(U)2
L
(Q)
1
dy 〈Φ(y)〉g(0)q2L(y)f (0)u2R(y), (2.28)
M
(u)
33 =
Yuv√
2
∫ L(U)3
L
(Q)
2
dy 〈Φ(y)〉g(0)q3L(y)f (0)u3R(y), (2.29)
M
(u)
12 =
Yuv√
2
∫ L(Q)1
L
(U)
1
dy 〈Φ(y)〉g(0)q1L(y)f (0)u2R(y), (2.30)
M
(u)
23 =
Yuv√
2
∫ L(Q)2
L
(U)
2
dy 〈Φ(y)〉g(0)q2L(y)f (0)u3R(y), (2.31)
where we assumed the form for the Higgs doublet, 〈H〉 = (0, v/√2)T, where v is the 5d
Higgs VEV and can be treated as real without loss of generality as in the SM. If the
ordering is different from Eq. (2.25), we can easily obtain the corresponding forms by
looking at the profiles of fermion mode functions. See [20] (also [21, 22]) for more details.
3 Dynamics in the scenario and their implications
We first mention that, in [20], the observed quark mass hierarchy and the three mixing
angles of the CKM matrix were successfully reproduced through the current strategy,
under the following preconditions:
• All of the positions of the point interactions can be treated as individual free pa-
rameters.
• The form of the 〈Φ(y)〉 is exponential as 〈Φ(y)〉 ∼ eMΦy (where the mass scale is not
shown), whose form can be materialized by setting the parameters associated with
Φ appropriately in the actual form of 〈Φ(y)〉 (in Case (II) in subsection 3.2) [20].
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These preconditions would be justified for phenomenological studies. However, the fol-
lowing criticisms will come in various points of view:
(a) From stability of the system: the positions of the point interactions contribute
to the background Casimir energy of this extra-dimensional system, which should
be minimized (or extremized at least) to ensure the stability of the whole system.
If one obeys this line, the positions of the point interactions cannot take arbitrary
values.
(b) From the number of free parameters: for quarks, in addition to the six parame-
ters as the positions of point interactions for quark fields {L(Q)i , L
(U)
i , L
(D)
i ; i = 1, 2},
the following parameters join to describe the quark profiles naively: one as the
length of the system L, two as the overall Yukawa couplings {Yu,Yd}, three as the
bulk masses {MQ,MU ,MD}, one as the 5d Higgs VEV v, and four to the gauge-
singlet scalar VEV 〈Φ(y)〉 (where details are provided in subsection 3.2); there are
17 free parameters in total (for the lepton sector, where apparently six additional
ones {L(L)1 , L
(L)
2 , L
(E)
1 , L
(E)
2 , ML, ME} join when we take care of charged leptons).3
On the contrary, only the nine digits (six for mass eigenvalues, three for CKM mix-
ing angles) are fitted. Such an unbalanced situation may lead to the criticism that
the result of the previous fit is not surprising, looks trivial.
(c) From generality in the profile of 〈Φ(y)〉: As partially discussed in Section 4
of [20], the actual form of 〈Φ(y)〉 is provided by the Jacobi’s elliptic function. As we
will see in sebsection 3.2, there are two solutions for the VEV 〈Φ(y)〉, which may
give new insights into the geometric realization of the observed Yukawa texture in
the ‘generalized’ setup.
Based on the result of [33] and the general information of 〈Φ(y)〉, we can provide our
answers for all of the criticisms, at least partially.
3.1 Criterion via stabilization of point interactions
The determination of the positions of the point interactions L(Ψ)i by the minimization of
the Casimir energy has been developed in [33]. The Casimir energy E at one-loop order
as the function of L(Ψ)i takes to be the form of
E = 2
∑
Ψ=Q,L
E(Ψ)[L
(Ψ)
1 , L
(Ψ)
2 ] +
∑
Ψ′=U ,D,E
E(Ψ
′)[L
(Ψ′)
1 , L
(Ψ′)
2 ], (3.1)
3 As we will see in Section 4.1, this counting of parameters is naive a bit. The number of the degrees
of freedom relevant for mass ratios is less than the digit.
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where
E(Ψ)[L
(Ψ)
1 , L
(Ψ)
2 ] =
3∑
i=1
|M (Ψ)|2
8pi2
(
L
(Ψ)
i − L(Ψ)i−1
)2 ∞∑
w=1
e−2w|M
(Ψ)|(L(Ψ)i −L(Ψ)i−1)
w3
×
(
1 +
3
2w|M (Ψ)|(L(Ψ)i − L(Ψ)i−1) + 34w2|M (Ψ)|2(L(Ψ)i − L(Ψ)i−1)2
)
.
(3.2)
The minimization of the above Casimir energy leads to the results in which the posi-
tions of the point interactions for the doublet fermions and the singlet fermions are the
same as 4
L
(Q)
1 = L
(U)
1 = L
(D)
1 = L
(L)
1 = L
(E)
1 ,
L
(Q)
2 = L
(U)
2 = L
(D)
2 = L
(L)
2 = L
(E)
2 , (3.3)
and all of the point interactions should be located at
L
(Ψ)
1 =
1
3
L, L
(Ψ)
2 =
2
3
L, (3.4)
to minimize the Casimir energy in spite of the type of the field Ψ. More concretely,
L
(Q)
1 = L
(U)
1 = L
(D)
1 = L
(L)
1 = L
(E)
1 =
1
3
L,
L
(Q)
2 = L
(U)
2 = L
(D)
2 = L
(L)
2 = L
(E)
2 =
2
3
L. (3.5)
It is noted that (3.5) implies no mixing terms in mass matrices. Taking account of this
result in parameter fitting would definitely become a reasonable response (despite of being
not complete) to the above criticisms (a) and (b), where the naive counting of the input
parameters for quarks reduced to 11, from 17.
3.2 Criterion via the general solution of 〈Φ(y)〉
To know the actual solution of Φ means to solve the following nonlinear equation derived
through the variational principle from Ssinglet in Eq. (2.5),
d2φ(y)
dy2
−M2Φφ(y)− λΦφ3(y) = 0, (3.6)
where we put the ansatz that the VEV of Φ depends on the extra dimensional coordinate
y, i.e.
〈Φ〉 = φ(y), (3.7)
4 In the case of the discussion about the total length L by the Casimir energy, the other fields
contributions, e.g. gauge fields and the scalar fields, should be included to the minimization condition
(see the discussion in [33]). On the other hand, in the case of the discussion about the positions of the
point interactions, only the related fermion’s contributions are important.
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where in general the following form comes 〈Φ〉 = eiθ(y)φ(y), but we have proven that
without loss of generality we can set the y-dependent phase part θ(y) to be zero, where
φ(y) is real. The above equation leads to
d
dy
[
1
2
(
dφ(y)
dy
)2
− M
2
Φ
2
φ2(y)− λΦ
4
φ4(y)
]
= 0, (3.8)
and can be deformed to
1
2
(
dφ(y)
dy
)2
+ U(φ) = EΦ,
(
U(φ) ≡ −M
2
Φ
2
φ2(y)− λΦ
4
φ4(y)
)
, (3.9)
with an undetermined integration constant EΦ as a parameter. Here, we should take
account of the boundary conditions of φ(y) at y = 0 and y = L, where we impose the
Robin boundary conditions, which are described with the length parameters L± (−∞ ≤
L± ≤ +∞) as below5
φ(0) + L+φ
′(0) = 0,
φ(L)− L−φ′(L) = 0, (3.10)
where the prime symbol represents the derivative of y (refer to [35]).
Through elliptic integrals, at least the following two solutions are possible in terms of
Jacobi’s elliptic functions:
(I) When 0 < EΦ < M4Φ/(4λΦ):
φ(y) = µ−
sn
(
µ+
√
λΦ
2
(y − y0), k
)
cn
(
µ+
√
λΦ
2
(y − y0), k
) , (3.11)
where
µ2± ≡
M2Φ
λΦ
(
1±
√
1− 4λΦEΦ
M4Φ
)
, k2 ≡ µ
2
+ − µ2−
µ2+
. (3.12)
(II) When EΦ < 0:
φ(y) =
ν
cn
(
µ
k
√
λΦ
2
(y − y0), k
) , (3.13)
where
µ2 ≡ M
2
Φ
λΦ
(
1 +
√
1− 4λΦEΦ
M4Φ
)
, ν2 ≡ M
2
Φ
λΦ
(√
1− 4λΦEΦ
M4Φ
− 1
)
, k2 ≡ µ
2
µ2 + ν2
.
(3.14)
5 We note that the scalar field Φ is assumed not to feel point interactions.
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We point out that the variables L± in Eq. (3.10) to parametrize the Robin boundary
conditions are automatically fixed by the above profiles. y0 represents the degree of
freedom of the translation along the y direction. The parameter k measures ellipticity
defined in the range of 0 ≤ k ≤ 1,6 where the two extremal cases k = 0 and 1 correspond
to
sn(x, k)
cn(x, k)
= sc(x, k)→
{
tanx when k → 0,
sinhx when k → 1,
1
cn(x, k)
→
{
1/ cosx when k → 0,
coshx when k → 1. (3.15)
When k 6= 1, a very nontrivial feature of the two elliptic functions sc(x, k) and 1/cn(x, k)
rises up, where the functions get divergent periodically along the y-direction. The minimal
periods between the nearest divergent points of φ(y) in Case (I) and Case (II) are
2
(
µ+
√
λΦ
2
)−1
K[k], 2
(
µ
k
√
λΦ
2
)−1
K[k],
respectively with the complete elliptic integral of the first kindK[k]. A possible important
difference between Case (I) and Case (II) is that sc(x, k) increases monotonically from a
divergent point xd
(
sc(xd + ε, k) ∼ −∞
)
to the next divergent point x′d (> xd)
(
sc(x′d −
ε, k) ∼ +∞), where the value of sc(x, k) is negative in the first half part of the region
xd < x < (xd + x
′
d)/2. This property would be useful to realize gigantic hierarchy in the
overlap integrals that express the components of the mass matrices (see Eqs.(2.27)–(2.31))
since negative contributions get to be possible. This motivates us to have a discussion for
exploring the situation with the exact form of φ(y) in Case (I) in contrast with the prior
case (II) researches. This will be the response to the criticism (c) shown above.
4 Numerical analysis on an interval
Following the discussions in the previous section, we perform a numerical parameter search
in the current model on an interval. The differences in method between the analyses on
this manuscript and in the prior researches [20–22] are summarized:
• The relative distances of the point interactions are fixed by the minimization of the
Casimir energy [33] (see Eq. (3.5)), while previously the positions were treated as
completely free parameters [20–22].
6 Actually, the limited region 1/
√
2 ≤ k ≤ 1 can be taken both in the cases of (I) and (II).
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• Due to the minimization of the Casimir energy shown in Eq. (3.3), currently we
cannot discuss the flavor mixing in a consistent way. Here, we take the strategy
where at first we focus on only mass hierarchies, which may be justified as the first
step to know how the geometry constrained by the Casimir energy works well to
reproduce the observed magnitudes of the SM mass hierarchy, of course up to the
inevitable distortion by mixings. This attitude will be reasonable especially for the
quark sector since the observed mixing angles are small. On the other hand, we touch
effects from mixings by introducing off-diagonal terms by hand phenomenologically
for the charged leptons.
• The exact form of the y-dependent VEV of the Case (I) is adopted for the singlet Φ,
while an approximate form of the Case (II) solution is used in the prior researches.
Now, the quark and lepton mass matrices are diagonal, where the elements of the
matrices are formulated for ψ (= u, d, e) as
M
(ψ)
ii = Y˜ψ ·
vH√
2
√
M˜2Φ
λ˜Φ
(1−X)1/2
×
∫ L˜i
L˜i−1
dy˜ sc
√M˜2Φ(1 +X)
2
(y˜ − y˜0),
√
2X
1 +X
 g˜(0)ψiL(y˜)f˜ (0)ψiR(y˜) (i = 1, 2, 3) ,
(4.1)
where
X ≡
√√√√1− 4E˜Φλ˜Φ
M˜4Φ
, (4.2)
and the formula is factorized as the product of the flavor independent and dependent
parts, and here all of the parameters are scaled to the dimensionless ones by the total
length of the system L, e.g., MΦ = M˜Φ ·L−1 except for the 4d Higgs VEV vH (= 246GeV)
defined as vH ≡ v
√
L from the 5d Higgs VEV v. We adopted the notation that variables
accompanying the tilde symbol are dimensionless, where the normalization part of the
fermion wave functions are made dimensionless following the instruction. The uniformly
located positions of the point interactions are represented as (c.f. Eq. (3.5))
L˜0 = 0, L˜1 =
1
3
, L˜2 =
2
3
, L˜3 = 1. (4.3)
We comment that the form in Eq. (4.1) does not depend on L itself since it describes
phenomena of zero modes. The independent parameters for describing the deformation of
the flavor dependent part via Φ are taken as X, M˜Φ, and y˜0. We remind that the five bulk
12
masses of the fermions {M˜Q, M˜U , M˜D, M˜L, M˜E} and the three overall Yukawa couplings
{Y˜u, Y˜d, Y˜e} also contribute to the flavor dependent part, where the 10 parameters in
Eqs. (4.4) and (4.5) are relevant when we debate with the flavor dependence up to the
overall scale (where one of the Yukawa couplings is included to the overall scale). The
fit observables are the eight mass ratios of the nine SM fermion masses like mothers/mtop.
We should mention that as was pointed out in the Ref. [22], more parameters than the
experimental values of the quark/lepton masses do not mean that we can always reproduce
the quark and lepton masses in the present scenario. The geometry of the extra dimension
tightly restrict the form of the mass matrices to four-zero texture, see e.g., Eq. (2.26).
Therefore, it is quite nontrivial whether our model can reproduce the quark and lepton
masses even though two extra parameters (out of 10 ones for fitting the eight observables)
seem to remain.
4.1 Results for the numerical research
We found that, even in the current limited setup, when we take the following benchmark,7
M˜Φ = 4.3, y˜0 = 0.33, X = 0.74,
M˜Q = 40, M˜U = 320, M˜D = 0.1, M˜L = 100, M˜E = 0.01, (4.4)
and take the degrees of freedom of the Yukawa couplings to adjust the third-generation
fermions as
Y˜d
Y˜u
' 0.124, Y˜eY˜u
' 0.0454, (4.5)
the result comes
M
(u)
11
mup
' 0.746, M
(u)
22
mcharm
' 1.08, M
(u)
33
mtop
= 1,
M
(d)
11
mdown
' −1.07, M
(d)
22
mstrange
' 0.966, M
(d)
33
mbottom
= 1,
M
(e)
11
melectron
' −0.775, M
(e)
22
mmuon
' 0.253, M
(e)
33
mtauon
= 1, (4.6)
where we compare the obtained result with the derived pole masses at the leading order
from the PDG digits [36].8 We reached a good fit for quarks as ratios,9 while the fit
7 Here, the nearest divergent point of the Jacobi’s elliptic function is located at y˜ ' 1.00249, which is
outside the region where the interval geometry is elaborated.
8 Concrete digits of the central values are as follows: mup = 2.5MeV, mdown = 5.2MeV, mstrange =
110MeV, mcharm = 1.448GeV, mbottom = 4.557GeV, mtop = 173.0GeV, melectron = 0.5109989461MeV,
mmuon = 105.6583745MeV, mtauon = 1.77686GeV, respectively.
9 On the other hand, these results are sensitive to the modulation of the input parameters in sub-
leading magnitudes. For example, if we change M˜Φ from 4.3 to 4.31, the accurate fit for quarks turns out
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of the charged lepton is quite far from being precise. We do not pay attention to the
overall flavor independent part since we may adjust this part by use of Y˜u and λ˜Φ. The
negativity for M (d)11 , M
(e)
11 originates from the lower tail part of the sc function, where now
the absolute values of them physically make sense.
4.2 An extra phenomenological study of the mixing effect in charged
leptons
A possible origin of the deviated result in the charged leptons may be that no suitably-
enough relevant degree of freedom remains for charged leptons after we fix the parameters
to reproduce the observed mass hierarchy of quarks under the constraints in Eq. (4.3).
To look into possible improvements of the charged lepton part, we do a phenomeno-
logical trial for the charged lepton part, which seems to have a difficulty to regener-
ate the observed patterns of their mass eigenvalues. Now we focus on the speculation
that the charged leptons can be mixed largely, because the Pontecorvo–Maki–Nakagawa–
Sakata (PMNS) matrix which describes the mixings among the left-handed charged lep-
tons and active neutrinos contains large mixing angles. Under such circumstances mass
eigenvalues can alter remarkably by the introduction of sizable non-diagonal terms of
mass matrix. The existence of non-diagonal elements might be realized when we evaluate
the Casimir energy at two-loop order or introduce exotic fermions, which have no chiral
zero modes and only affect to the Casimir energy. Therefore, to investigate such a case
with phenomenologically introduced terms by hand would be fruitful to know further
possibilities of the current scenario.
In what follows, we bring the following phenomenological form for a charged-lepton
mass matrix into focus:
M(e) =
M
(e)
11 m
(e)
12 0
0 M
(e)
22 m
(e)
23
m
(e)
31 0 M
(e)
33
 , (4.7)
where we assume that the diagonal inputs take the same digits as in Eq. (4.6) with-
out rounding, and m(e)12 , m
(e)
23 and m
(e)
31 are phenomenological parameters.10 We found
a desirable configuration to reproduce the measurements, where m(e)12 , m
(e)
23 and m
(e)
31 are
chosen as 104MeV, 100MeV and 11.2MeV, respectively (see Fig. 3). Here, we achieved
to be disrupted as M (u)11 /mup ' 0.416, M (u)22 /mcharm ' 0.605, M (d)11 /mdown ' −0.761, M (d)22 /mstrange '
0.687, M (e)11 /melectron ' −0.504, M (e)22 /mmuon ' 0.165, respectively, where the other ratios are still unities
after suitable adjustments of Yd/Yu and Ye/Yu. The position of the nearest divergent point of the elliptic
function becomes y˜0 ' 1.00093. This point is considered as an inevitable difficulty of the present scenario,
where a suitable tuning of inputs is required.
10 It is pointed out that no 1↔ 3 mixing term can be realized on an interval. But it is easy to activate
such mixing term after we switch the geometry to S1 (see [22]).
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Figure 3: Shifts of mass eigenvalues of the phenomenological charged-lepton mass matrix
M(e) as functions of m(e)12 , where m(e)23 and m(e)31 are pinned down as 100MeV and 11.2MeV,
respectively. The three eigenvalues get to be very close to the measured digits when
m
(e)
12 ' 104MeV simultaneously.
the good accuracy: (meigen/mexp.)electron ' 1.00052, (meigen/mexp.)muon ' 1.01612 and
(meigen/mexp.)tauon ' 1.0016. The current scope of this issue is just within a naive discus-
sion founded on phenomenological assumptions so that it would be worth to investigate
the full situation grounded on higher-loop calculations or modification of the matter con-
tents.
5 Conclusion and Discussion
In this paper, we have performed the numerical research in our dynamical model to repro-
duce the quark/lepton mass hierarchy with the experimental values of the quark/lepton
masses. Our model consists of 10 point interactions, positions of which were treated as free
parameters in the prior researches [20–22]. Their positions have been determined by the
minimization condition of the Casimir energy. Because of that, the parameters relevant
for fixing the ratios of the fermion masses have been reduced to 10 from 20 in our model
and only the remnant 10 parameters are tools for reemergence of the eight experimental
values of the quark and lepton mass ratios. As was pointed out in the Ref. [22], more
parameters than the experimental values of the quark/lepton masses do not mean that
we can always reproduce the quark and lepton masses in our model. The geometry of the
extra dimension tightly restricts the form of the mass matrices to four-zero texture, see
Eq. (2.26). Therefore, it is quite nontrivial whether our model can reproduce the quark
and lepton masses.
To obtain the desired mass hierarchy, we introduced the extra-dimension coordinate-
dependent VEV of the gauge singlet scalar 〈Φ(y)〉, which is also obtained dynamically by
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minimizing the potential of the scalar Φ (refer to Eq. (2.5)). As a results of our numerical
analysis, we found that there is a parameter set, which can reproduce the experimental
values of the quark well, while some difficulties remain for the charged leptons. On the
other hand, we pointed out that the mixing terms among the charged leptons will resolve
remaining discrepancies, even though it is not justified fully in the theoretical point of
view within the current scope.
A definite next step is to contemplate how to realize non-diagonal terms in the quarks
and the charged leptons, which are necessary ingredients to generate the observed tex-
tures of the mixings represented by the CKM and PMNS matrices. The calculation of
the Casimir energy was achieved at one-loop order, and consequently the positions of the
point interactions are determined as to divide the interval extra dimension equally among
three, i.e. the mass matrices of quarks and leptons automatically become diagonal ones.
If off-diagonal components appear after introducing a suitable mechanism, the eigenval-
ues of the mass matrices deviate from the diagonal components of the mass matrices
and the experimental values might be recovered with flavor mixings, as is discussed in
subsection 4.2.
One possible idea to introduce off-diagonal components in the mass matrices is to take
account of higher-order effects of the Casimir energy. Since the flavor structures of the
quarks and leptons are nontrivial, the effects of the matter contents at two-loop order
might produce corrections to the minimization conditions of the Casimir energy. That
may lead to off-diagonal components to the mass matrices through the modulations of
the positions of the point interactions.
Another idea is to introduce exotic fermions. Suitable choice of boundary conditions
for the exotic fermions can prohibit the presence of the exotic chiral zero modes and then,
the exotic massive fermions only affect to the Casimir energy. This kind of contributions to
the Casimir energy, which is totally different from the contributions of the corresponding
fields to the SM quarks and leptons, may make suitable room for adjusting the positions of
the point interactions when some continuous degrees of freedom are introduced for tuning
the configuration as twisted boundary conditions. Another origin of modulations may
be the (zero-mode)-(KK-mode) mixing which can make small mass perturbations. These
issues stated above remain to be pursued as topics in the works which are completed in
the future.
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